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Enforcing Structural Connectivity to Update Damped
Systems Using Frequency Response

Philip D. Cha* and Joshua P. Switkes'
Harvey Mudd College, Claremont, California 91711

To benefit computational model validation, improve active vibration control algorithms, and aid damage de-
tection for aging structural systems, new approaches are developed to update the analytical system matrices of a
damped structure using frequency response. When the difference between the measured frequency response data
and the analytical predictions is used and the resulting matrix equations are manipulated, the mass, stiffness, and
damping correction matrices can be isolated in turn. When these correction matrices are rearranged into vector
forms, the readily availablestructural connectivity information of the analytical matrices can be enforced, thereby
preserving the physical configuration of the system and reducing the size of the least-squares problems that need to
be solved. The required solution techniques to perform the model update are introduced, and the numerical issues
associated with solving overdetermined and underdetermined least-squares problems are investigated. Heuris-
tic criteria are given for determining the minimum number of frequency-response data points that need to be
measured to ensure sufficiently accurate updated system matrices, and numerical experiments are performed to
validate the proposed model updating techniques based on using the frequency-response data.

Nomenclature

[C] = actual damping matrix

[Cupaate] = updated damping matrix

[Col = analytical damping matrix

f = vector of forcing amplitudes

J = imaginary unit

[K] = actual stiffness matrix

[Kyupdate | = updated stiffness matrix

[Ko] = analytical stiffness matrix

[M] = actual mass matrix

[M paae] = updated mass matrix

[My] = analytical mass matrix

Myeal = vector of actual masses

Manalyiical = vector of analytical masses

Mypaae = vector of updated masses

N = degrees of freedom of the analytical model

n = number of distinct frequency response
data points

[X] = N x n matrix whose ith column
correspondsto X at w;

[X7], [XRr] = imaginary and real parts of [X]

X = measured output vector of the actual system

X0 = output vector of the analytical system

x = complex steady state amplitude of x

[6C] = damping correction matrix

d¢ = damping correction vector

8¢ = percentdeviation of the ith actual damping
parameter from its analytical value

8¢’ = reduced damping correction vector

[6K] = stiffness correction matrix

Sk = stiffness correction vector

8k; = percent deviation of the ith actual stiffness
from its analytical value

Sk’ = reduced stiffness correction vector

[6M] = mass correction matrix

ém = mass correction vector
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om; = percentdeviation of the ith actual mass
from its analytical value
sm'’ = reduced mass correction vector
[6X] = N x n matrix whose ith column
corresponds to x at w;
ox = difference in response vectors between
the actual system and the analytical model
8x = complex steady-state amplitude of §x
€. = error parameter for the updated
damping parameters
(€0)o = error parameter for the analytical damping
parameters
€k = error parameter for the updated stiffnesses
(€x)o = error parameter for the analytical stiffnesses
€ = error parameter for the updated masses
(€2)0 = error parameter for the analytical masses
[22] = n x n diagonal matrix whose ith element
corresponds to w;
;i = ith excitation frequency

Introduction

IGHLY accurate and detailed finite element models are re-

quired to analyze and predict the dynamic behavior of com-
plex structures during analysis and design. Once the finite element
model of a physical system is constructed, its accuracy is often
tested by comparing its analytical dynamic response predictions
with the response obtained experimentally from the actual system.
If the correlation between the two is poor, then assuming that the
experimental measurements are correct, the analytical model must
be adjusted so that the agreementbetween the analytical predictions
and the test results is improved. The updated system may then be
considered a better representation of the physical structure than the
initial analytical model. The updated model can subsequently be
used with more confidence to assess the stability and control char-
acteristics and to predict the dynamic responses of the structure.
The described process of correcting the system matrices is known
as model updating.

In recent years, various methods have been developedto improve
the quality of the analytical models using test data. A detailed dis-
cussion of every approach is beyond the scope of this paper, and
interested readers are referred to survey papers by Imregun and
Visser' and Mottershead and Friswell.> Whereas many different
schemes have been used to update the analyticalmodel of a physical
structure, most did not explicitly enforce the connectivity informa-
tion of the system matrices in their updating algorithms. Thus, fully
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populated system matrices may result from the updating procedure,
and the updated model may or may not bear any resemblance to the
physical system being analyzed. Assuming the analytical mass ma-
trix to be accurate, Kabe® incorporated the structural connectivity
information in addition to the free-response test data to adjust op-
timally the stiffness matrix. He utilized a Lagrange multipliers for-
malism to correct the stiffness matrix so that the percentage change
to each stiffnesselementis minimized. Whereas Kabe’s approachin
updating the stiffness matrix is straightforward, his method is lim-
ited by the storage required and is highly computational intensive.
In several recent papers,*~S the measured modes of vibration were
used to adjust the analytical system mass and stiffness matrices.
The conventional finite element optimal matrix storage scheme was
employed to pass along the sparsity information, thereby enforc-
ing the connectivity information, preserving the physical configu-
ration of the structure, and reducing the size of the least-squares
problems that need to be solved. More important, the proposed
updating schemes all return adjusted system mass and stiffness
parameters that are nearly identical to the exact values, provided
the number of measured modes used in the update is sufficiently
large.*®

Most of the previous work on model updating used the experi-
mental natural frequencies and mode shapes to correct the system
parameters. Because only a limited number of modes of vibration
can be measured, model updatingbasedon free-responsedataresults
in underdetermined problems in most cases. Moreover, extracting
the modes of vibration for structures with a high modal density can
be very difficult. To overcome such deficiencies, researchers have
turned to using the frequency-response data to correct the system
matrices. Because frequency response can be gathered at any num-
ber of excitation frequencies, the numerical problems can be easily
rendered overdetermined. In addition, the frequency-responsedata
may be used directly to update the model withoutextracting the nat-
ural frequencies and mode shapes. Additionally, using frequency-
response data to update the system matrices allows damping, which
is present in all physical structures, to be accounted for in the
analysis.

Utilizing frequency response data in addition to the connectivity
information, Visser and Imregun’ developed an iterative correction
process to adjust the analytical model so that a unique solution that
agreed with the measured frequency response was found. However,
although the frequency response of the updated model matched that
of the physical structure, the updated mass and stiffness parameters
deviated substantially from those of the actual system in some cases.
Cha and Tuck-Lee?® also updated structural system parameters using
frequency-response data. When the connectivity information was
imposed, their updating algorithms returned updated results that
tracked the actual system parameters accurately, despite the large
deviations of the actual parameters from the analytical values. In
their derivations, however, they assumed the damping matrix to be
correct. In reality, the analytical and the actual damping matrices
may be different.

In this paper, the structural connectivity information will be en-
forced to update the system mass, damping, and stiffness matri-
ces in turn using frequency-response data. When the analytical
and the actual system damping matrices are allowed to deviate
from one another, the solution scheme becomes substantially more
complicated mathematically and numerically. Matrix equations that
govern the differences in the frequency response between the an-
alytical and the actual systems are first solved. When the result-
ing equations are manipulated, the mass correction matrix can be
isolated and solved using a least-squares solution scheme, which
compensates for the number of measured frequency-responsedata
being typically smaller than the degrees of freedom of the struc-
ture being analyzed. Enforcing the connectivity (or sparsity) in-
formation, the size of the least-squares problem can be drasti-
cally reduced, and the physical configuration of the system can
also be preserved. Similar approaches are then used to isolate the
damping and stiffness correction matrices. Because the correc-
tion matrices are isolated and solved in turn, errors in any cor-
rection matrix will not adversely affect the results of the other up-
dates.

Proposed Model Updating Algorithm

In the subsequent derivations, it will be assumed that the fre-
quency response of all of the coordinatescan be measured. Because
of physical limitations, however, the analytical output vector gen-
erally contains more points than are available from measurements.
Thus, like otherupdating techniques, the incompletenessof the mea-
sured data gives rise to some difficulties. In this case, the analytical
model must be reduced or the measured frequency-response data
must be expanded so that the measured coordinates match those of
the analytical model. Techniques for reducing the analytical model
and for expanding the measured frequency-response data can be
found in Refs. 9 and 10, respectively, and they will not be pursued
here. In this paper, it will be assumed that all of the coordinates can
be measured and that all of the data are correct. This allows one to
focus attention on the quality of the proposed updating techniques
and not confound the resulting updates with errors introduced by
either model reduction or data expansion.

Consider a viscously damped system that is subjected to a forced
harmonicexcitation.The governingequationofits analyticalmodel,
with N degrees of freedom, is given by

[My1xy + [Colxo + [Kolxo =fej“” )

where [M,], [Cy], and [K(] are symmetric matrices of size N x N
and both x; and f are of length N. The matrix governing equation
of the actual system, also with N degrees of freedom, under the
same excitationis given by

[M]% + [Clx + [Kx = fel )

where [M], [C], and [K] are assumed to be symmetric. Because
the forcing vector can be controlled and specified accurately, it is
assumed that the analytical and the actual systems are subjected to
the same external excitations.

When the measured frequency-responsedata are assumed to be
correct, the actual and the analytical system matrices, along with
their respective output vectors, may deviate from one another by
some amount due to modeling errors, which may be caused by in-
appropriate modeling assumptions, uncertainties in material prop-
erties, and insufficient modeling details, such that

(M] = [Mo] + [6M], [C] =[Gl +[5C]

[K] = [Ko] + [6K], x =x+8x 3

WhenEgq. (3)is substitutedinto Eq. (2), harmonicinputand response
are assumed, and Eq. (1) is noted, the following matrix equation in
terms of the complex steady-state vibration amplitudes,x and §x, is
obtained:

(IKo] — 0*[Mo] + jolCol) 8% + ([8K] — 0*[M] + jw[sCDx =0

4)
If n distinct frequency-responsedata points are measured, at exci-
tation frequencies denoted by (w;, ws, ..., w,), then the set of n

equations of Eq. (4) can be written in compact matrix form as
[P]+ [8KI[X] — [$M1[X][2°] + j[SCIX][Q] = [0] (5)
where [ P] is a known matrix of the form
[P] = [Kol[8X] — [Mol[8X1[2°] + jIColl8X1[2]  (6)

When [P], [X], and [2] are known, the objective is to find [6M],
[6K], and [6C].

Because damping is present, Eq. (5) is complex. When only the
real parts of Eq. (5) are considered, the following is obtained:

[PR] + [$K1[XR] — [SMI[XRI[Q*] - [8CI[XZ][Q] = [0] (7)

where subscripts R and Z denote the real and imaginary parts, re-
spectively,and

[PR] = [Kol[XR] — [Mo][8XRIIQ’] — [Col[8X71[R]  (8)

In general, none of the analytical system matrices will be ex-
act. Thus, [§M]#[0], [6C]#[0], and [§K]#[0], and an infinite



CHA AND SWITKES 1199

number of [§M], [§C] and [§ K] combinations may satisfy Eq. (7).
To isolate each correction matrix by itself, consider three sets of
frequency-responsedata, each of which contains n distinct excita-
tion frequencies and satisfies the following matrix equation:

[PRA+[SKIXR;1— [BMI[XR1[ Q] - [8CIXZ,1[2:]1 = [0] (9)

fori =1, 2, 3. All of the excitation frequenciesin [€2;] are distinct
from those in [£2,], for i # j, and all of the excitation frequencies
lie within the frequency range of interest.

To isolate [§M] and [§C], first premultiply Eq. (9) for i =1 by
[X®,]7, and then premultiply Eq. (9) for i =2 by [X®,]”. Then,
take the transpose of the latter equation and subtract it from the
former equation; a matrix equation that depends only on [§ M] and
[8§C] is obtained:

[XRol"[PR11 — [XRalT BMI[XR11[Q2] — [XR21" [SCUX T 1[821]
—[PRa]"[XRi) + [Q2][XRa )T [EM1[X R4 ]

+[I[X1:]" [8CI[XR1] = [0] (10)
When a similarapproachis used whereby Eq. (9) fori = 1 is premul-
tiplied by [X®3]” and Eq. (9) for i =3 is premultiplied by [X®r;]”,
another matrix equation in terms of [§M ] and [§C] is obtained:

[XRs1"[PRi] — [XRs]T BM1[XR,1[Q2] — [XRs17 [SCUX T 1[821]
— [Prs1"[XRi] + [Q2] [ X R3] [EM1[XR1]

+21[X7:]" [8CI[XR1] = [0] an

Equations (10) and (11) are then expanded so that [§M] and [§C]
appear in vector forms:

[Ani]ée + [Arz]ém = b, (12)
[Az1]d¢ + [Azz]ém = b, (13)

Submatrices [A;;] are of size n* x N2, vectors b; are of length n?,
and

dm = [6myy -+ 8myy | 8myy - -Smay | -+ [ Smyy "'3mNN]T
(14)

where §m;; corresponds to the (i, j)th element of [§M]. A similar
expression exists for c.

At this stage, the optimal matrix storage scheme commonly used
in finite elements'! is utilized to pass along the well known and
readily available sparsity information of the analytical system. En-
forcing the structural connectivity information preserves the phys-
ical configuration of the system and imposes the condition that all
of the zero elements in the analytical system matrices remain zeros
in the adjusted system matrices. Mathematically, this is achieved by
eliminating all of the known zero elements from §m and §c and by
deleting all the correspondingcolumns in the [A;;]. This drastically
reduces the size of the problem to be solved. More important, when
the connectivity information is enforced, the quality of the updates
is significantly improved because only the appropriate nonzero ele-
ments are adjusted®

Let ém’, 6c’, and [A].] be the reduced correction vectors and
reduced submatrices obtained by enforcing the connectivity infor-
mation of the system. Then Egs. (12) and (13) reduce to

[A),16¢' +[A),]om' = b, (15)
[A},16¢' + [AL,]om' = b, (16)

From Eq. (16), 8¢’ is given by
sc' =AY 17 (by — [AL,18m)) (17

where [A)) 1" is the pseudoinverseof [A5,]. (See the Appendix for a
formal definition of the pseudoinverse of any matrix.) Substituting
Eq. (17) into Eq. (15) leads to the following equation:

([A/lz] - [A/11][A/21]T[A/22])6m/ = bl - [A/I]][A/Z]]TbZ (18)

which can be expressedalternativelyin the following compactform:

[A,16m" =1, (19

m

The entries of [A], ] and r,, are determined by expanding the left-
and right-hand sides of Eq. (18), and the least-squares solution of
Eq. (19) yields the mass corrections.

It appears that Eq. (17) may be used to solve for the damping
correctionsdirectly. However, because ¢’ dependson ém’ explicitly,
any errors in §m’ will adversely affect the integrity of §¢’. Thus, to
update the damping correction vector d¢’, another approach must
be taken. Consider again Egs. (15) and (16). From Eq. (16), ém’ is

given by
sm' = [A%,]" (b, — [A}18¢) (20)
Substituting Eq. (20) into Eq. (15) results in the following equation:
([A7] = [AL AL AL 1)8e" = by — [A}][AL)'B, (21
which can also be expressed in the following concise form:
[Allsc =T, 22)

Note that Eq. (21) depends only on the reduced submatrices [A};]
and is independent of §m’. Solving the least-squares problem of
Eq. (22) readily yields the damping corrections.

In theory, Egs. (15) and (16) can be expressed in matrix form
[A']y = b and solved simultaneously for y, which contains the un-
knowns é¢’ and ém’, as the least-squares solution. In this case, a
solutionvectory is sought such that the Euclidean norm of the resid-
ual vector ||[A']y —b|| is minimized. If the least-squares problem
has more than one solution, the one having the minimum Euclidean
norm, that is, the minimum-norm solution, is sought. Clearly, the
minimum-normsolutiony will be differentfrom the minimum-norm
solutionsdc’ and 8m’ found separately by solving Egs. (19) and (22),
respectively. Numerical experiments showed that more accurate so-
lution is obtained by solving two separate least-squares problems
[seeEqgs. (19)and (22)] as opposedto solving one largeleast-squares
problem obtained by combining Egs. (15) and (16).

To update the stiffness corrections §k’, first premultiply and post-
multiply Eq. (9) fori =1 by [X7,]” and [22,]7!, then premultiply
and postmultiply Eq. (9) fori =2 by [X7,]7 and [2,]7!, such that
the following equations are obtained:

(X2l [PRAI1T + [X7o] [SKN[X R[]

— [ X1 [SM][X R 1[€21] = [X72]" [8C1[X11] (23)
(X711 [PRa1I2:]7" + [X71 ] [SK1[X R 1[R2]7

= [X0 " [BMI[XR2 (2] = [X7: 1" [8C1[X1,] (24)

Taking the transpose of Eq. (24) and equating the left-hand sides of
the resultant and Eq. (23) yields

(X1l [PRAIS1T + [X7o] [SKI[X R[]
— [ X1 [SMI[XR 1211 = [2:]7'[PRa1" [X71]
+ 2] [XR) [SK1XT1] — [1[XRa]" BMI[X71]  (25)

Note that Eq. (25) consists of only two correction matrices, [§M]
and [6 K']. When a similar approachis used whereby Eq. (9) fori =1
is premultipliedby [ X73]” and postmultipliedby [€2,]~! and Eq. (9)
for i =3 is premultiplied by [X7,]” and postmultiplied by [©23]7!,
another matrix equation in terms of [§M] and [§ K] is obtained:

(X731 [PRAI1T" + [X73] [SKN[X R[]
— (X731 [BM1[X R, 11211 = [25]7 ' [Prs 1" [X71]

+[Q]7 X R [SK X7 ] = [B]1[XR:1 [SMI[XT1] (26)
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When Egs. (25) and (26) are expandedso that[§ M] and [§ K ] appear
in vector forms and the connectivity information is imposed, the
following equations are obtained:

(118K +[E,1om" = q, 27

[E3 18K + [E,1om" = g (28)
Solving for ém’ in terms of 8k’ using Eq. (28) and substituting the
resulting expressionof §m’ into Eq. (27) yield a problem of the form

[A 18k =1, (29)
whose least-squares solution corresponds to the stiffness correc-
tions.

Because the reduced correction vectors, dm’, é¢’, and 8k’, are
obtained numerically, the corresponding correction matrices, [§ M ],
[6C], and [8K], are generally nonsymmetric. To enforce the sym-
metry condition, the expressionsin Eq. (3) are slightly modified as
follows:

[(Mupaaee] = [Mo] + 3((8M] + [§M]")
[Cupaate] = [Col + 3([8CT +[8C1")

(Kupaae] = [Kol + 3([6K1+ [8K]7) (30)

To illustrate how the connectivity information is imposed, con-
sider a system whose mass matrix is diagonal. Then ém;; =0 for
i # j, and ém reduces to

dm' = [8my;  Smy, 3mNN]T 31
in which case the reduced submatrices [A/,] and [A),] are obtained
from [A},] and [A,,] by deleting all of the columns that multiply
by 8m;; for i # j. Thus, the initial n? x N? submatrices [A,] and
[A,,] are reduced to ones of size n? x N. Similarly, if the damping

matrix is tridiagonal, then é¢;; =0 for |[{ — j| > 1, and
3C'NN]T

in which case [A},] and [A},] are obtained from [A;;] and [A;]
by deleting all of the columns that multiply by dc;; for |i — j| > 1.
Thus, the initial n? x N? submatrices [A;;] and [A,,] are reduced
to ones of n2 x (3N — 2). A similar approachis used to impose the
structural connectivity information of the stiffness matrix.

A few words regarding the structural connectivity information
are warranted here. The proposed updating algorithms depend on
the connectivities in the analytical matrices to be correct. Because
the basis of model updating is the analytical model, the analytical
model must capture certain physical attributes of the actual system.
Here, it is assumed that the analytical model and the actual system
share the same sparsity pattern. The analytical model for a physical
structure is by no means unique. Given a physical structure, dif-
ferent assumptions or different degrees of idealization can resultin
different analytical models and, hence, different connectivity infor-
mation. Not surprisingly, different analytical models will result in
differentcorrections. Nevertheless, for a given analytical model, the
proposed updating algorithms will return an adjusted model that is
substantially more accurate than the initial analytical one.

Finally, even if the system matrices are full (in which case there
are no elements in dm, 8¢, and 8k to delete), the proposed schemes

8¢’ =[6cyy  Bcppldey Beyn el 18wy (32)

k,
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are still valid and useful. When the number of excitationfrequencies
is not equal to the number of degrees of freedom of the analytical
model, the coefficient matrices [X®;] and [X7;] of Egs. (10), (11),
(25), and (26) are rectangular and cannot be inverted. Thus, it may
be difficult to find expressions for [§M], [6C], and [§ K] explicitly.
In this case, however, the proposed algorithms lead to three least-
squares problems similar to those of Egs. (19), (22), and (29), which
can be readily solved to update the mass, damping, and stiffness
matrices in turn.

Numerical Issues

The numerical issues encountered when solving a least-squares
problem depend on whether the problem is underdetermined or
overdetermined. A full rank, underdetermined, least-squares prob-
lem has an infinite number of solutions, whereas a full rank, overde-
termined, least-squares problem has a solution that is unique.'
Because the reduced submatrices [A}.] were obtained by deleting
certain columns of [A;;] to enforce the sparsity information, [A] ]
of Eq. (19) may sufferrank deficiency. Fortunately, numerical tech-
niques exist for determining the numerical rank of such systems and
subsequentlyfinding the unique minimum norm solutions. Thus, re-
gardlessif the systemis overdeterminedor underdetermined,has full
rank or is rank deficient, the system mass, damping, and stiffness
matrices can always be updated numerically.

Numerical experimentsrevealed that the least-squaressolution of
anoverdeterminedsystemis more accuratethanan underdetermined
system, even if the system is rank deficient.® The previous obser-
vation has direct implications about the minimum 7 that should be
obtained for each data set before implementing the proposed model
updating algorithm. For the system of Fig. 1, [A/ ] of Eq. (19) is of
size n?> x N, and [A.] of Eq. (22) and [A}] of Eq. (29) are both of
size n? x (3N —2). Whereas it appears that n > /N is needed to
updated the mass matrix and n > /(3N — 2) is required to updated
the damping and stiffness matrices, note that because §m’ and ¢’
are coupled [see Egs. (15) and (16)], the larger of the two n dictates
the minimum number of data points that are needed to perform the
update. Thus, to update the mass matrix, the number of frequency-
response data points 7 must also be greater or equal to /(3N —2).
Based on the earlier discussion, for the system of Fig. 1, at least
n> /(3N — 2) data points in each data set are required to update
the system parameters accurately.

Results

To update the system mass, damping, and stiffness parameters
requires the solution of three least-squares problems [see Eqgs. (19),
(22), and (29)]. For the system of Fig. 1 (whose mass matrix is
diagonal and whose damping and stiffness matrices are tridiagonal),
[A! ] of Eq. (19) is of size n* x N, and vectors dm’ and r,, are of
lengths N and n?, respectively. Matrices [A.] of Eq. (22) and [A}]
of Eq. (29) are both of size n? x (3N —2), vectors 8¢’ and 8k’ are
of length 3N — 2, and .. and ry are of length n?.

When solving least-squares problems, the MATLAB® routine
pinv was implemented, which computes the Moore-Penrose pseu-
doinverse (see Ref. 13) of a matrix and can be used regardless if the
coefficient matrix of the least-squares problem has full rank or is
rank deficient. If the least-squares problem has an infinite number
of solutions, pinv returns a solution vector that has minimum norm,
which can be used as the appropriate corrections to the structural
parameters. The proposed method is applied to a structure whose
mass matrix is diagonal. Althoughrestrictiveat first glance, note that
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Fig.1 Simple chain of coupled oscillators.
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lumped or diagonal mass matrices are often used in practice because
of their general economy and because the numerical operations for
the solution of the dynamic equations are generally significantly
reduced. A discussion on how to reduce consistent mass matrices
into lumped mass matrices may be found in Ref. 14.

The analytical and the actual mass, stiffness,and damping param-
eters forthe systemof Fig. 1 are givenby (my, ko, ¢p) and (m;, k;, ¢;),
respectively.A singleharmonicforceis appliedto therightend of the
structure, and the harmonic excitationis assumed to be identical for
both the analytical and the actual systems. Thus, f =[0 0 --- f]7,
where f is the magnitude of the harmonic excitation. Because the
excitationlocationremains fixed and only the excitationfrequencyis
varied, the proposed updating algorithm can be easily implemented
experimentally.

The proposed updating algorithms are applied to the system of
Fig. 1 for N =26, whose analytical parameters are m, =2.00 kg,
¢y =0.50 N-s/m, and k, =10.00 N/m. The actual and the an-
alytical mass, damping, and stiffness parameters are related by
m; =my(1 +8m;), ¢; =cy(1+8¢;), and k; =ko(1 + 8k;). The ac-
tual mass, damping,and stiffnessparametersare listed in Tables 1-3,

Table1 Actual and updated masses for n =N =26

Mactual 5 kg Mupdate » kg

mis =1.3355 1.3355
my5=2.6680  2.6680
mie =1.3899 1.3899
my7=1.8632 1.8632
mig =1.6231 1.6231
mig=1.1578 1.1578
moo =1.1439 1.1439
my; =1.8189 1.8189
moy =1.2320 1.2320
my3 =1.6389 1.6389
mog =2.2254  2.2254
mys =2.3068  2.3068
moe =1.9261 1.9261

Mactual » kg Mupdate » kg

my =2.1831 2.1831
my=13117 1.3117
m3 =2.6581 2.6581
my =2.4371 24371
ms=1.7651 1.7651
me =2.8502 2.8502
my7=1.7984 1.7984
mg=1.7793 1.7793
mg =2.7588 2.7588
myp=2.1221 2.1221
my; =1.1613 1.1613
my; =2.0234  2.0234
m;3=2.6722  2.6722

2 Analytical mass is my = 2.00 kg.

Table 2 Actual and updated damping parameters for n = N = 26*

Cactual» N+ /m Cupdate » N-s/m Cactual» N - s/m Cupdate» N-s/m

c1 =0.4940 0.4940 c14 =0.3576 0.3576
¢ =0.4029 0.4929 c15 =0.5853 0.5853
c3=0.3340 0.3340 c16 =0.6998 0.6998
c4 =0.6061 0.6061 c17 =0.4027 0.4027
cs =04311 0.4311 c13 =0.3497 0.3497
ce = 0.5435 0.5435 c19 =0.6712 0.6712
c7=0.3389 0.3389 cp0 =0.5348 0.5348
cg =0.5847 0.5847 c1 =0.3772 0.3772
c9 =0.4838 0.4838 ¢y =0.6881 0.6881
c10 =0.4252 0.4252 c3 =0.5227 0.5227
c11 =0.5410 0.5410 ¢4 =0.6158 0.6158
c12 =0.6007 0.6007 ¢35 =0.6666 0.6666
c13 =0.5602 0.5602 c26 =0.6099 0.6099

2 Analytical damping parameter is cg =0.50 N - s/m.

Table3 Actual and updated stiffnesses for n = N =26*

kactuala N/m kupdatea N/m kactuala N/m kupdatea N/m
ki = 8.2800 8.2800 k14 =11.9754 11.9754
ky =13.7603 13.7603 k15 =10.9946 10.9946
k3 =11.2103 11.2103 kie =11.8966 11.8966
ks =13.0215 13.0215 k17 =10.0639 10.0639
ks = 5.8686 5.8686 kig =12.7216 12.7216
ke =14.2652 14.2652 k19 =12.5452 12.5452
k7= 6.6143 6.6143 koo =14.1144 14.1144
kg = 6.5972 6.5972 k1 =13.2052 13.2052
ko =12.4041 12.4041 kyp =9.8652 9.8652
k1o =13.2798 13.2798 kyz =12.7865 12.7865
k11 =11.8978 11.8978 ko4 =11.6008 11.6008
k12 =12.6406 12.6406 ks =13.1870 13.1870
kiz= 6.6714 6.6714 koe =6.4709 6.4709

2 Analytical stiffness is kg = 10.00 N/m.

respectively.In general, the 3n excitationfrequenciesneeded to exe-
cute the updating algorithms are chosen such that they lie within the
frequency range of interest. For the system under consideration, the
desired frequenciesare equally spaced between the interval of 0 and
2./(ky/my), which correspondsto the lowest and the highestnatural
frequencies for the infinitely long analytical model of Fig. 1.13

Tables 1-3 compare the actual and the updated structural param-
eters, obtained by imposing the structural connectivity information,
for n =26. For the purpose of numerical simulations, the ém;, dc;,
and §k; are given by three sets of uniformly distributedrandom vari-
ables, with a mean and a standard deviation of (—0.0413, 0.2708),
(0.0329, 0.2321), and (0.1075, 0.2659), respectively. From the re-
sults of Table 1, note the exact agreement between the updated
values and the actual masses, despite the large deviations of the
actual masses from the analytical values. Because the sparsity in-
formation is imposed during the update, all of the zero terms in the
initial mass matrix remain zeros, thus preserving the physical con-
figuration of the structure. Tables 2 and 3 show the actual and the
updated damping and stiffness parameters for the system of Fig. 1.
When the tridiagonality conditionis imposed, the updated damping
and stiffness values track the actual damping and stiffness parame-
ters exactly, even though the deviations between the actual and the
analytical damping coefficients and stiffnesses are large.

Incidentally, note that, when n = N and if the connectivity infor-
mationis notenforced,the updated system matrices will be different
from the exact matrices. This was shown by Cha and Tuck-Lee® for
the case where the damping matrix is exact. Numerical experiments
have shown that failing to impose the connectivity information has
similar results in this case, where damping is also being updated. In
addition, when the connectivity informationis notimposed, the cor-
rection matrices will be fully populated, which destroys the physical
configuration of the structure.

‘When the number of measured frequency-responsedata points in
eachdatasetis equal to the size of the analyticalmodel, thatis, when
n = N, the updatingalgorithmscan be used to correctaccurately the
analytical mass, damping, and stiffness parameters of the system,
provided that the connectivity information is imposed (Tables 1-3).
Because of physical limitations, time, or cost constraints, however,
the number of distinct frequencies is almost always less than the
degrees of freedom of the analytical model. Thus, in application,
n < N. Of considerable interest, then, is how the number of data
points n affect the quality of the updated systems parameters.

To quantify the accuracy of the mass updating algorithm, the
followingrelative error parametersfor the updated and the analytical
masses are introduced:

|mupdate - mactuall |manalytical - mactuall
6}]1 = —5 (Eﬂl)o - (33)

|mactual | |mactual |

where mpdae, Manalytica, and My are vectors of length N whose
elements are the updated, analytical, and actual lumped masses,
respectively, and |a| is the Euclidean norm of the vector a. Similar
expressions are also defined for the relative error parameters for
the damping and stiffness parameters. For an updated model to be
judgedbetterthantheinitialanalyticalmodel,€,, < (€,,)0,€. < (€.)0,
and €; < (€;)o. Additionally, the smaller the error parameters are,
the better the update.

Figure 2 shows the variations of €, €., and ¢, for the system
parameters of Tables 1-3, as a function of the number of frequency-
response data points, n. Also shown are the corresponding (€, )o,
(€.)0, and (&), which are independent of n and are given by the
horizontal lines. In general, the updated parameters become more
accurate as n increases. The experimental results are consistentwith
physicalintuition: The more information that can be gathered about
the frequencyresponseof the physical system, the better the updated
model becomes.

The curves of Fig. 2 also reveal the minimum number of distinct
excitation frequencies in each data set that are needed to achieve
a certain level of accuracy. Thus, it can be used to determine the
fewest number of frequency responses in each data set that should
be obtained for the purpose of performing the update. From numer-
ical experiments, it was observed that more accurate solutions are
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CHA AND SWITKES

obtained when the least-squares system becomes overdetermined.
Thus, for N =26, the discussion in the preceding section predicts
that at least nine data points (for each data set) are needed to update
the system parameters to ensure sufficient accuracy. Note that the
results of Fig. 2 validate the heuristic criteria regarding the fewest
frequency-responsedata points that need to be measured. Indeed,
for n > J(SN —2) or n>9, the relative error parameters become
negligible, which implies that the updates are nearly identical to
the actual structural parameters. The numerical results also clearly
indicate that there is a saturation point beyond which additional
information does not lead to any significant improvement in the
corrected matrices.

To determine the corrections, three least-squares problems of the
form [A]x =r need to be solved. For the system of Fig. 1 and
for n < /(3N —2), the least-squares problems become underde-
termined and may also suffer rank deficiency. For such rank de-
ficient systems, small changes in [A] and r can induce arbitrarily
large changesin the least-squaressolutionof x (Ref. 12). Thus, when
n < /(3N —2), the updated structural parameters may deviate sub-
stantially from the actual values and may be worse than the initial
analytical values. Figure 2 clearly illustrates these phenomena.

Figure 3 shows the normalized amplitude of the frequency re-
sponse of the first mass, |x;/f|, for the analytical, actual, and
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Fig.3 Normalized amplitude of the frequency response of the first mass |x;/f| (in decibels) for the analytical, actual, and updated systems of Fig. 1,

for n=3, 6, and 9. System parameters are identical to those of Tables 1-3.
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updated systems of Fig. 1, for n =3, 6, and 9. The system param-
eters are identical to those of Tables 1-3. Because the deviations
between the actual and the analytical system parameters are large,
the frequency response of the actual system deviates substantially
from the analytical model. For n = 3, the frequency response of the
updated model is merely a perturbationof that of the analytical sys-
tem, and it deviates considerably from the actual system, especially
at high excitation frequencies. For n = 6, the frequency response of
the updated model still differs from the physical system, but it im-
proves on the frequency response of the updated structure obtained
with n =3 over certain frequency ranges. For n =9, the updated
model reproduces the frequency response of the actual system over
the entire range of excitation frequencies considered. Thus, as n (the
number of frequency-responsedata points in each data set used to
update the structural parameters of the system) increases, the fre-
quency response of the corrected system becomes nearly identical
to that of the actual structure.

Conclusions

New mass, damping, and stiffness updating algorithms are devel-
oped to correct the structural system parameters using frequency-
response data. When the differences between the measured and
the analytical frequency-response data are utilized as inputs, the
structural system parameters of the analytical model can be accu-
rately updated or corrected, provided that the number of measured
frequency-responsedata points is sufficiently large. When the un-
known mass, damping, and stiffness correction matrices as are ex-
pressed column vectors, the structural connectivity information are
easily imposed, which preserves the physical configuration of the
system and reduces the amount of computational effort required
to correct the analytical model. Moreover, the proposed updating
schemes result in least-squares problems whose structures reveal
the minimum number of frequency-responsedata points that need
to be measured to ensure a sufficiently accurate updated model.
Numerical experiments show the accuracy of the updating algo-
rithms and verify the utility of the proposed approaches of cor-
recting the structural system parameters using frequency-response
data.

Appendix: Pseudoinverse

A formal definition for the pseudoinverse of any matrix [A], re-
gardless if it has full rank or is rank deficient, can be given as
follows!'?: Let

(Al = [wi=vy

be the singular value decompositionof [A]. Then its pseudoinverse
[A]", which always exists and is unique, is given by!2

[Al' = (Vi1

where

[2]" = diag(1/0y, 1/05,...,1/0,,0,...,0)

where oy, .. ., g, correspondto the r nonzerosingularvaluesof [A].
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